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Behav io r  of  E l a s t i c  Networks o f  Var ious  Degrees 
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U n i v e r s i t y  of Minnesota,  Minneapol i s ,  Minnesota  

T h i s  p a p e r  descr ibes  a k i n e t i c  t h e o r y  of f r a c t u r e  
u s i n g  a ne twork  of l inear  e l a s t i c  e l e m e n t s  as a model 
to c a l c u l a t e  the s t r e n g t h  and  e l a s t i c  p r o p e r t i e s  of 
o r i e n t e d  materials. Emphasis h a s  been p l a c e d  on t h e  
q u e s t i o n s  as to whether the  a s sumpt ions  of small s t r a ins  
as well  as the i n v a r i a n t  mo lecu la r  o r i e n t a t i o n  d i s t r i b u -  
t i o n  are v a l i d  f o r  the  t o t a l  f r a c t u r e  p r o c e s s .  
t he  f r a c t u r e  p r o c e s s  the breakage  of m o l e c u l a r  e l emen t s  
r e d u c e s  the modulus of e l a s t i c i t y .  However, i t  was 
found to be less t h a n  one p e r  c e n t  for most of t h e  
l i f e t i m e  of  a sample.  

Dur ing  

For a n y  ne twork  systems of  d i f f e r e n t  d e g r e e s  of 
o r i e n t a t i o n  the c a l c u l a t e d  c u r v e s  of the  l o g a r i t h m  o f  
t i m e  to break v e r s u s  moderate a p p l i e d  stress a re  l i n e a r ,  
b u t  of d i f f e r e n t  s lopes .  The s l o p e s  are i n v e r s e l y  
p r o p o r t i o n a l  to t he  modulus of  e l a s t i c i t y  of t h e  network 
a t  z e r o  t i m e .  T h e r e f o r e ,  i f  t h e  c a l c u l a t e d  c u r v e s  of  
t h e  l o g a r i t h m  of t i m e  a r e  p l o t t e d  v e r s u s  the  i n i t i a l  
s t r a i n  ( t h e  a p p l i e d  s t ress  d i v i d e d  by the  i n i t i a l  
modulus of  e l a s t i c i t y ) ,  t h e  l i n e a r  p o r t i o n s  of a l l  
c u r v e s  r educe  to one. For v e r y  small or v e r y  large 
s t resses  the c u r v e s  d e v i a t e  f rom l i n e a r i t y .  
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INTRODUCTION 

The i m p o r t a n t  problem of b r i t t l e  f r a c t u r e  of  s o l i d s  
has been i n v e s t i g a t e d  b y  many a u t h o r s  e x p e r i m e n t a l l y  as 
wel l  as a n a l y t i c a l l y .  For a large group of  materials 
t h e  t i m e  and t empera tu re  dependency of  t he  f r a c t u r e  
s t r e n g t h  i n d i c a t e d  the p resence  of  thermal a c t i v a t i o n  
p r o c e s s e s  d u r i n g  f r a c t u r e  d e ~ e l o p m e n t l - ~ .  E s p e c i a l l y  
for high polymer s o l i d s  i t  was found t h a t  the ene rgy  
o f  a c t i v a t i o n  had a v a l u e  comparable t o  the  b i n d i n g  

tha t  t h e  breakage  of pr imary bonds i n  t h e  cha in  molecules  
a c t u a l l y  t a k e s  p l a c e .  Furthermore,  t h i s  phenomenon i s  
c o n s i d e r e d  to be the  dominant cause  of  the e v e n t u a l  
f a i l u r e  of these s o l i d s .  

ene rgy  of p r imary  chemical  bonds 4 . It was t h u s  sugges t ed  

With t h i s  knowledge i n  mind i t  seems desirable  to 
o b t a i n  some i n f o r m a t i o n  as t o  how the con t inued  breakage  
o f  i n d i v i d u a l  r m l e c u l a r  cha ins  i n f l u e n c e  the n e c h a n i c a l  
b e h a v i o r  of t h e  remain ing  c h a i n  network.  A s  a r e s u l t  
of t he  c h a i n  b r e a k i n g  p r o c e s s e s ,  the  s ta te  of stress 
i n  a mic roscop ic  su r round ing  of  unbroken cha ins ,  t h e  
macroscopic  s t r a i n s  and t h e  o r i e n t a t i o n  d i s t r i b u t i o n  
o f  t h e  molecules  i n  space  w i l l  change. T h i s  change i n  
t u r n  w i l l  a f f e c t  t he  r a t e  of r u p t u r e  of  o t h e r  molecu la r  
c h a i n s .  I n  a n y  h i g h  polymer s o l i d  t h e  thermal motion 
o f  segments or s ide  groups leads t o  microbrownian motion 
and c o n t r i b u t e s  toward changing s t r a i n s  and molecu la r  
o r i e n t a t i o n  d i s t r i b u t i o n .  S i n c e  the  c o n d i t i o n s  of 
small s t r a i n s  and i n v a r i a n t  o r i e n t a t i o n  d i s t r i b u t i o n  
a r e  n e c e s s a r y  or d e s i r a b l e  for a number of t h e o r e t i c a l  
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c o n s i d e r a t i o n s ,  i t  i s  o f  i n t e r e s t  to show whether these  
c o n d i t i o n s  are  f u l f i l l e d  f o r  a network w i t h  no s l i p  o f  
c h a i n  segments, as c r e e p  due to s l i p  i s  n o t  t aken  i n t o  
accoun t  i n  t he  p r e s e n t  c a l c u l a t i o n s .  The t i m e  dependent  
mechanical  b e h a v i o r  of such a model network f o r  t he  c a s e  
of u n i a x i a l  s t r e s s i n g  i s  s t u d i e d .  I n s t r u c t i v e  r e s u l t s  
such  as t h e  t ime- to-break  and the  v a l u e  o f  s t r a i n  as a 
f u n c t i o n  of  t i m e  a re  obta ined .  Changes i n  the  r e l a t i v e  
o r i e n t a t i o n  d i s t r i b u t i o n  o f  the  network c h a i n s  are  a l s o  
found.  

THE MODEL 

A model v e r y  s u i t a b l e  f o r  c a l c u l a t i o n s  of  the  
b e h a v i o r  of  cha in  networks has a l ready been developed 
e a r l i e r  . It was cons ide red  t h a t  on a macroscopic  
s ca l e  polymer s o l i d s  are homogeneous s o  t ha t  continuum 
t h e o r y  o f  e l a s t i c i t y  may b e  a p p l i e d  to re la te  p r e s c r i b e d  
f m c e s  ar,d d e f o r m t i o n s  t o  t h e  s t a t e  of s t r a i n  of  a 
s m a l l  subvolume. Within the subvolume the  p r e s e n c e  of 
molecu la r  c h a i n s  and t h e i r  o r i e n t a t i o n  i s  t aken  i n t o  
a c c o u n t .  I n  t h i s  model t h e  l oad  c a r r y i n g  cha in  molecules  
a re  r e p r e s e n t e d  by l i n e a r  e l a s t i c  e l emen t s .  A c o n d i t i o n  
o f  homogeneous s t r a i n  i s  assumed f o r  any  s u f f i c i e n t l y  
s m a l l  subvolume. Consequent ly  the f o r c e  F, a c t i n g  upon 
e a c h  of  the  i n d i v i d u a l  e lements  w i t h i n  t h i s  subvolume 
i s  de termined  by t h e  o r i e n t a t i o n  and t h e  e l a s t i c  c o n s t a n t  
I C ,  of  the  element  t o g e t h e r  with the  s t a t e  of s t r a i n  E~ 

o f  t h e  subvolume as fo l lows:  

5 

* 

* A d i s c u s s i o n  o f  t he  consequences f o l l o w i n g  from t h i s  
and a l t e r n a t i v e  assumptions i s  g iven  i n  r e f e r e n c e  6. 
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where R o  i s  t h e  l e n g t h  o f  any  o f  the i n d i v i d u a l  e l e m e n t s  
and  sm, sn are components of the u n i t  v e c t o r  i n  the  
d i r e c t i o n  o f  o r i e n t a t i o n  i d e n t i f i e d  by  8 and @ (sl = 

s i n e  cos@, s 2 
c o o r d i n a t e s ) .  
by stresses,  we o b t a i n :  

= s i n e  s i n @ ,  s3 = cos6  i n  s p h e r i c a l  
I f  f o r  convenience  we r e p l a c e  f o r c e s  

where E = K R  'A, i f  A i s  the number of e l e m e n t s  p e r  u n i t  
volume. T h i s  g e n e r a l  scheme i s  r o u g h l y  r e p r e s e n t e d  i n  
F i g .  1 w i t h  v a r i o u s  p o s s i b l e  o r i e n t a t i o n s  o f  the  m o l e c u l a r  
ne twork  i n  a mater ia l  body unde r  a p r e s c r i b e d  load ,  P .  
We may r e p e a t  t h a t  the s t a t e  of  s t ress  of  a n  i n d i v i d u a l  
e l emen t  i s  g i v e n  by ( 2 ) .  The stress a t  a n y  p a r t i c u l a r  
p o i n t  w i t h i n  the macroscopic  body sha l l  be g i v e n  as a n  
a v e r a g e  of  a l l  of t h e  s t r e s s  c o n t r i b u t i o n s  of the  m o l e c u l a r  
e l e m e n t s  w i t h i n  the subvolume a round  t h i s  p o i n t .  A s  

c a l c u l a t e d  f rom ( 2 )  once t h e  o r i e n t a t i o n  d i s t r i b u t i o n  
f u n c t i o n ,  p ,  i s  known. Thus a b a s i c  c o n s t i t u t i v e  e q u a t i o n  
d e s c r i b i n g  the  mechan ica l  b e h a v i o r  o f  a m o l e c u l a r  s o l i d  
i s  o b t a i n e d .  F o r  a b r i t t l e  s o l i d  E~ i s  regarded to be 

s m a l l .  

0 

can  be shown p r e v i o u s l y  5 the  macroscopic  stresses, C T ~ , ~ ,  

It might be mentioned t h a t  t he  k i n e t i c  n a t u r e  o f  
f r a c t u r e  was i n t r o d u c e d  i n t o  t h i s  t h e o r y  by assuming 
tF,at f o r  uL,y 0 n - r  n l n m a n f  -LL,,,Ll, t h e  giver! =rc?hah Ilit,y of bwakage  

i s  dependent  upon the  l o c a l  s tress $ ' ( e ,@, t ) .  T h i s  
a s s u m p t i o n  has led  to a sys tem of  i n t e g r o - d i f f e r e n t i a l  
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e q u a t i o n s  which have  been so lved  s u c c e s s f u l l y  for o n l y  
s p e c i a l  c a s e s  of p r e s c r i b e d  macroscopic  s t resses  and  
molecu la r  o r i e n t a t i o n 7 j 8 ,  I n  these c a s e s  t h e  t ime- to -  
b r e a k  of t h e  s o l i d  had been  c a l c u l a t e d  as a f u n c t i o n  
o f  t h e  p r e s c r i b e d  l o a d .  Now, t h e s e  c a l c u l a t i o n s  w i l l  
be ex tended  to samples  of random molecu la r  o r i e n t a t i o n  
u s i n g  a n u m e r i c a l  i t e r a t i o n  method. T h i s  method a l s o  
y i e l d s  i n f o r m a t i o n  on t h e  v a r i a t i o n  of t h e  modulus of 
e l a s t i c i t y ,  r a t i o  of t r a n s v e r s e  and normal s t r a i n s ,  
as w e l l  as t h e  m o l e c u l a r  o r i e n t a t i o n  d i s t r i b u t i o n .  

NUMERICAL ITERATIVE SOLUTION OF CONSTITUTIVE EQUATIONS 

A s  can  b e  shown 5 t h e  macroscopic  stress t e n s o r  

0 can  b e  c a l c u l a t e d  as f u n c t i o n s  o f  $ ( e , @ , t ) ,  p,  
E 

f ( e , @ , t )  to g i v e :  

i j  
and  the r e l a t i v e  number of  unbroken e l emen t s ,  mn 

where dR i s  the i n f i n i t e s i m a l  s o l i d  a n g l e .  
case of u n i a x i a l  t e n s i o n  w i t h  hexagonal  or t r a n s v e r s e  
symmetry w i t h  r e s p e c t  t o  t h e  33-axis a s  t h e  d i r e c t i o n  
of o r i e n t a t i o n  o f  t h e  elements we o b t a i n :  

For t h e  

all = 022 = 0 = I  E p ( 0 )  f ( 8 , t ) [ E l 1 s i n  2 8 + E ~ ~ C O S  2 @ ] s i n  3 0d0 

0 
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- - E ~ ~ / E ~ ~  may be used  3311 - 

For a l l  e l emen t s  with " o r i e n t a t i o n  6' '  t he  ra te  of 

Here t h e  s t r a i n  r a t i o  V = V 

to e l i m i n a t e  ell. 

r u p t u r i n g  of t h e  unbroken elements  i s  g iven  by t h e  
modi f ied  a c t i v a t i o n  energy  

f% df/dt = - 

where 

% and @ are  c o n s t a n t s ,  R i s  t h e  gas c o n s t a n t ,  T a b s o l u t e  
t empera tu re  and U the  a c t i v a t i o n  energy.  

The time-dependent q u a n t i t i e s  ~ ~ ~ ( t ) ,  V ( t )  and 
f ( 0 , t )  must be found s o  a s  t o  sa t isfy e q u a t i o n s  ( 4 )  - 
( 7 ) .  
method . 

Numerical r e s u l t s  a re  o b t a i n e d  u s i n g  an i t e r a t i o n  

The p r i n c i p l e  of  this method i s  to determine Il /(e, t ,)  
I 

a t  t i m e  t l  from V(t,) and E 3 3 ( t l ) .  

f ( e , t , )  known, ( d f / d t ) t  can be de te rmined .  The i t e r a t i o n  
With $ ( Q , t l )  and 

p r o c e s s  t h e n  makes u s e  'of t he  approximat ion:  

f ( Q , t , )  = f (Q,t , )  + (df /d t ) ,  A t  ( 8 )  
1 

where A t  i s  a n  a r b i t r a r i l y  small t i m e ,  and the  c a l c u l a t i o n  
of 1(/, V ,  and E i s  r epea ted  for t = t wi th  f = f ( Q , t 2 ) .  

I n  t h e  case of u n i a x i a l  s tress a p p l i e d  to a randomly 
33 2 

* 
The f o r m u l a t i o n  of  equa t ion  ( 7 )  i m p l i e s  t ha t  a l l  the 
l o a d  c a r r y i n g  elements nave tne same p o t e n t i a l  ene rgy  
b a r r i e r  U, , i .e . ,  any  i n i t i a l  s tresses of the  unloaded 
specimen are n e g l e c t e d .  The f o r m u l a t i o n  i s  v a l i d  i f  
the v a r i a t i o n  of U/RT i s  small compared wi th  pIl/. 
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o r i e n t e d  specimen ( p  = 1/27r) the s u c c e s s i v e  s t e p s  of 
the  i t e r a t i o n  p r o c e s s  a r e  as f o l l o w s .  

A t  f i r s t  the change o f  f i s  de termined .  

- v ( t l ) s i n  2 e)] ( 9 )  

where (la u z , e ~ p (  -U/RT) and oo = 033 = c o n s t .  

( 8 )  and ( 9 )  where A t  may be chosen a r b i t r a r i l y  b u t  
small. I n  o r d e r  to o b t a i n  s u f f i c i e n t  accu racy  w i t h  

r e a s o n a b l e  computing t imes % A t  was chosen to be 

Dexp(-6@0 ) where D i s  a number which v a r i e s  between 
0.002 and 0.04. 

The t h i r d  s t e p  i s  the c a l c u l a t i o n  of  V ( t 2 )  f rom ( 4 ) :  

A s  a second s t e p  f = f ( e , t 2 )  i s  c a l c u l a t e d  from 2 

- 

0 

F i n a l l y  E ( t  )/E ( t  ) i s  c a l c u l a t e d  from ( 5 ) :  
33 2 33 0 

7r/2 
E ( t  ) / E 3 3 ( ~ )  = I/$ f 2 [ c o s  2 e - v s i n  2 e l c o s  2 e s i n e d e  (11) 

33 2 
0 

Then a new c y c l e  may be s tar ted wi th  t he  v a l u e s  o b t a i n e d  
from e q u a t i o n  ( 9 )  - (11). In o r d e r  t o  keep the  e r r o r  
i n f l i c t e d  by t h e  approximation small (< 5%) D must be 
decreased e v e r y  few c y c l e s .  The i t e r a t i o n  p r o c e s s  i s  
t e r m i n a t e d  once t h e  t o t a l  number of  unbroken e lements  i s  
r educed  and t h u s  t h e  l o c a l  s t r e s s  q ( 0 , t )  i n c r e a s e d  s o  
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much tha t  c a t a s t r o p h i c  f a i l u r e  must occur  ( a r b i t r a r i l y  
a v a l u e  of ~ B O ~ E ~ ~ ( ~ ) / E  (t ) - 6@ao = 40 wi th  a r a t e  
of  Af / f  = - 0.002 e40 was chosen to mark the  p o i n t  of  

33 0 

c a t a s t r o p h i c  f a i l u r e ) .  

RESULTS AND DISCUSSION 

S t r e s s  7c/ as a f u n c t i o n  of  cos8 

The p r e s e n c e  of k i n e t i c  f r a c t u r e  p r o c e s s e s  i n  a 
stressed network of e l a s t i c  e lements  leads to a con t inuous  
d e c r e a s e  of the  number of unbroken e l emen t s  and consequen t ly  
to a n  i n c r e a s e  i n  l o c a l  s t ress  7 c / .  I n  F i g .  2, 7c/ i n  a 
u n i a x i a l l y  stressed specimen i s  shown a s  a f u n c t i o n  of  
cose  ( o r i e n t a t i o n  of e l emen t s )  f o r  a v a l u e  of  poo = 0.5 
It i s  seen  t h a t  the  shape of t he  stress d i s t r i b u t i o n  i s  
n o t  changed much d u r i n g  most of t h e  " l i f e - t i m e "  of t h e  
specimen. The a n g l e  O o ( t )  f o r  which $ ( t )  = 0 changes 
o n l y  v e r y  s l o w l y  w i t h  t i m e .  I n  t h i s  f i g u r e  a s  wel l  as 
i n  t h e  n e x t  f o u r  f i g u r e s  t ime i s  measurec? i , n ,  m i t s  o f  
TIME = qt exp(6goo) .  
t h e  neighborhood of u n i t y  f o r  ease o f  comparison. A s  
can be seen  from F i g .  2 the  e lements  o r i e n t e d  i n  the 
d i r e c t i o n  of u n i a x i a l  s tress have to c a r r y  most of the  
l o a d  and w i l l  break wi th  the  h i g h e s t  ra te .  The dashed 

l i n e  i n  the  f i g u r e  i n d i c a t e s  t h a t  at TIME = 0.808 there  
are  no unbroken e l emen t s  of such o r i e n t a t i o n .  

* 

I n  t h i s  way all l i f e t imes  a re  i n  

O r i e n t a t i o n  d i  s t r i b u t i  on 
The h i g h  r a t e  of  f r a c t u r e  of e l emen t s  i n  the d i r e c t i o n  

i d e n t i f i e d  by cos@ = 1 l e a d s  to a pronounced decrease o f  

-E 
We w i l l  d i s c u s s  t he  r e s u l t s  and draw the  f i g u r e s  i n  terms 
of f31(/ or Bo r a t h e r  than  7c/ or o a l o n e  because  the  r a t e  
of f rac tureOdepends  upon @ao. 
v a l i d  f o r  d i f f e r e n t  m a t e r i a l s  and d i f f e r e n t  t empera tu res .  

'This way the  r e s u l t s  a re  
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t h e  number of unbroken elements  i n  t ha t  d i r e c t i o n  while 
t h e  number i n  o t h e r  d i r e c t i o n s  d e c r e a s e s  s lowly .  The 
change i n  t h e  d i s t r i b u t i o n  of e l emen t s  t h u s  r e s u l t e d  i s  
shown f o r  t h o s e  v a l u e s  of TIME a t  which f b e g i n s  to 
r e a c h  0.5 and 0. It i s  seen i n  F i g .  3 tha t  i n  the case  
of a h i g h  stress l e v e l  (Bo = 2 5 / 6 )  f r a c t u r e  w i t h i n  a 
small s o l i d  a n g l e  of o r i e n t a t i o n  p roceeds  so much fas te r  
than  elsewhere tha t  even a t  c a t a s t r o p h i c  f a i l u r e  on ly  a 
small number of e l emen t s  i s  seen to be a f f e c t e d .  It i s  
a l s o  seen t h a t  once f comes c l o s e  to z e r o  the  c a t a s t r o p h i c  
f a i l u r e  f o l l o w s  immediately.  At a reduced l e v e l  of s t ress  

more moderate and a l a r g e r  r eg ion  i s  n o t i c a b l y  a f f e c t e d ;  

(Q 0.043) from where the number of unbroken e lements  
r e a c h e s  z e r o  to produce the  c a t a s t r o p h i c  f a i l u r e .  

F i g u r e  4 shows the  changes i n  the  number of unbroken 
e l emen t s  f o r  a v e r y  small s t r e s s  (Bo = 0.1/6). I n  t h i s  

c a s e  t h e  r a t e  of breakage  of unbroken e l emen t s  i s  p r a c t i -  

0 

I (Boo = 3 / 6 )  the  p roceed ings  i n  the  c e n t r a l  s e c t i o n  are  
~ 

I b u t  a g a i n ,  there  i s  on ly  a small d i f f e r e n c e  i n  TIME 

0 

, 
tally independent  of stress and consequen t ly  of m i e n t a t i o n .  
T h i s  r a t e  i s  s o l e l y  determined by = %exp(-U/RT). For  
polymer ic  s o l i d s  i n  t h e i r  g l a s s y  s t a t e  i t  i s  known to be 

e x t r e m e l y  small. For  v a r i o u s  r e a s o n s  the p r e d i c t e d  
v a l u e s  as shown i n  F i g .  4 may n o t  be v e r y  s i g n i f i c a n t .  
A s  i n d i c a t e d  e a r l i e r  the  s c a t t e r  i n  the  p o t e n t i a l  bar r ie r  
U can  be n e g l e c t e d  on ly  i f  the  t e r m  Boo i s  much l a r g e r  
t h a n  the  ave rage  d e v i a t i o n  of U/RT from t h e  mean va lue .  
T h i s  w i l l  n o t  be the case  i f  Boo i s  too small. Another 
r e a s o n  may be the  occurrence  of r e f o r m a t i o n  p r o c e s s e s  
which w i l l  have the most e f f e c t  a t  small s t resses  and 
even  lead to i n f i n i t e  l i f e t i m e s  a t  f i n i t e  s t r e s s e s  . 8 

S t r a i n  as a f u n c t i o n  of TIME 
To m a i n t a i n  a c o n s t a n t  s tress o0 w i t h  a d e c r e a s i n g  
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number of e l emen t s  the  s t ra ins  i n  the unbroken e lements  
have t o  i n c r e a s e .  I n  o t h e r  words: a n  e l a s t i c  network 
with the  above d e s c r i b e d  p r o p e r t i e s  w i l l  show a d d i t i o n a l  
deformat ion .  I n  F i g .  5 t h e  change of  E ( t )  i s  p l o t t e d  
a g a i n s t  TIME. It i s  seen t h a t  i n c r e a s e s  a lmos t  
l i n e a r l y  a t  f i r s t .  A f t e r  a p e r i o d  of a c c e l e r a t e d  i n c r e -  
ments  t h e  p o i n t  of c a t a s t r o p h i c  f a i l u r e  i s  well def ined  
where t h e  r a t e  of change i n  E approaches  i n f i n i t y .  It 
may be  no ted  t h a t  i n  terms of TIME even i n f i n i t e l y  l a r g e  
stresses lead to a f i n i t e  t i m e  f o r  c a t a s t r o p h i c  f a i l u r e .  
Numerical c a l c u l a t i o n s  of b reak ing  TIME wi th  pao up t o  
100/6 have shown t h a t  t h i s  limit i s  TIME; = 0.622. An 
a n a l y t i c a l  v e r i f i c a t i o n  o f  t h i s  v a l u e  i s  d i f f i c u l t  and 
n o t  y e t  a v a i l a b l e .  I n  t h e  appendix i t  i s  shown, however, 
t h a t  a l i m i t  e x i s t s  which i s  l a r g e r  t h a n  5/12 or 
Tim: > 5/12. 

33 

33 

S t r a i n  r a t i o  as  a f u n c t i o n  of TIME 
A s  a consequence of t h e  d i f f e r e n t  decay ra tes  for 

e lemen t s  of d i f f e r e n t  o r i e n t a t i o n s  the r e l a t i v e  d i s t r i b u t i o n  
of t he  e l emen t s  i n  t h e  e l a s t i c  network changes and s o  
does  t h e  s t r a i n  r a t i o .  The v a r i a t i o n  of V a s  used i n  
( 1 0 )  w i t h  TIME i s  shown i n  Fig.  6. 

t h e r e  i s  a lmos t  no change of V due to the  f a c t  t h a t  the 
r a t e  of breakage  of  unbroken e l emen t s  i s  p r a c t i c a l l y  
independen t  of  d i r e c t i o n .  For  v e r y  h i g h  stresses t h e  
b r e a k i n g  of e l emen t s  i s  concen t r a t ed  n e a r  t h e  d i r e c t i o n  
of  a p p l i e d  u n i a x i a l  s t ress ,  a f f e c t i n g  on ly  v e r y  few 
e l e m e n t s  and a g a i n  V does n o t  change much. I f ,  however, 
@ao i s  n e a r  u n i t y  then  t h e  r e l a t i v e  d i s t r i b u t i o n  of 
broken  and unbroken e lements  undergoes the g r e a t e s t  
change and s o  does V .  I n  a l l  c a s e s  d u r i n g  c a t a s t r o p h i c  
f a i l u r e  V t e n d s  toward z e r o .  

For v e r y  small stresses 
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L i f e t i m e  as a f u n c t i o n  of stress 
F o r  each  l e v e l  of s t r e s s  t he  p o i n t  of c a t a s t r o p h i c  

f a i l u r e  de t e rmines  t h e  l ifetime of the  specimen. I n  
F i g .  7 f o r  d i f f e r e n t  specimens and d i f f e r e n t  assumpt ions  
t h e  c a l c u l a t e d  t ime t o  b reak  i s  shown as a f u n c t i o n  of 
u n i a x i a l  stress BO Curve I r e f e r s  to a comple t e ly  

0 .  
o r i e n t e d  specimen ( a l l  elements  i n  t he  d i r e c t i o n  of 
s t ress ) .  T h i s  curve  has a l r e a d y  been d i s c u s s e d  e a r l i e r  . 
A t  h i g h e r  stress v a l u e s  t h i s  curve  i s  a lmos t  a s t r a i g h t  
l i n e  w i t h  a s l o p e  of - 1 - l/Boo. 
P O  Curve I approaches  i n f i n i t y .  Curve I11 refers  to 
a randomly o r i e n t e d  specimen ( p  = 1/27r). For s m a l l  
v a l u e s  of 6 0  b o t h  c u r v e s  approach each  o t h e r .  Fo r  
large v a l u e s  Curve I11 forms a s t r a i g h t  l i n e  and t h e  
i n c l i n a t i o n  can be c a l c u l a t e d  i n  t h e  same way as for 
Curve I on ly  i n  t h i s  c a s e  o / ~ ~ ~ ( t ~ )  = E/6 and we o b t a i n  
d ln%tb/d(goo)  = - 6 - 1/f3ao. 

mediate o r i e n t a t i o n  the s lope  of t h e  l i f e t i m e  curve  
would be g iven  by d l n q t b / d ( g a o )  = - E/E(&)  - 1/80 
where E(&) i s  the  i n i t i a l  modulus of e l a s t i c i t y  of the  
o r i e n t e d  sample ( o r i e n t a t i o n a l  s t r a in  s ) .  

i s  n e g l e c t e d ,  t hen  t h i s  e x p r e s s i o n  can be w r i t t e n  as 

d l n q t b / [ d ( B a o ) / E ( & ) ] .  
r e d u c i n g  the a b s c i s s a  with l/E(&) t h e  l i f e t imes  t o  
f r a c t u r e  f o r  specimen o f  d i f f e r e n t  d e g r e e s  of o r i e n t a t i o n  
would f a l l  on one l i n e .  

8 

For s m a l l  v a l u e s  of 

0 

0 

0 
Accordingly  f o r  any i n t e r -  

0 

I f  (Boo)-’ 

This means t ha t  by s u i t a b l y  

F r a c t u r e  data f o r  o r i e n t e d  material (PAN, Po lyac ry -  
1 o n i t r i l e ) w e r e  r e c e n t l y  pub l i shed  by Regel  and  Leksovsky 9 . 
These data a r e  shown i n  F i g .  8. If the  assumpt ions  
made i n  d e r i v i n g  (12)  a r e  c o r r e c t ,  t h e n  a s imple  r e d u c t i o n  
of the a b s c i s s a  w i t h  E;jE(Ej would make the  4 c u r v e s  i n -  
Fig. 8 f a l l  t o g e t h e r  to one. T h i s  i s  indeed  the c a s e  
i f  E/E(E) v a l u e s  are s u i t a b l y  chosen.  The v a l u e s  used 
have  n o t  y e t  been compared with d i r e c t  measurements of 
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t h e  i n i t i a l  modulus of e l a s t i c i t y  of PAN, b u t  t h e y  a re  
compared wi th  measurements made on Nylon 66 and w i t h  
t h e o r e t i c a l  v a l u e s  ( F i g .  9 ) .  The change of  modulus 
which has to be assumed for PAN t u r n s  o u t  to be very 
c l o s e  to the  t h e o r e t i c a l  p r e d i c t i o n  . To o b t a i n  Curves 
I and I11 i t  was assumed t h a t  the r a t e  of f r a c t u r e  i s  
c o r r e c t l y  g iven  by ( 7 ) .  

may break under  a compressive load  wi thou t  shear, the 
c a l c u l a t i o n s  were repeated u s i n g  the  assumption t h a t  
d f /d t  = 0 for 1(/ I O .  It was found, however, t h a t  even 
for small v a l u e s  of pao(- 1/12) t he  change i n  l i f e t i m e  
as a r e s u l t  of u s i n g  t h i s  assumption was less  than 3%. 
J?or ,moderate  and h igh  s t r e s s e s  no d i f f e r e n c e  was found. 
I f  a n  assumption tha t  the  r a t e  of  breakage i s  d e t e r m i n a b l e  
by: 

6 

Since  i t  i s  d i f f i c u l t  t o  imagine how l i n e a r  e l emen t s  

- 
df /d t  = - %f s i n h  (pq)  

ra ther  t h a n  by a n  e x p o n e n t i a l  law,then the assumpt ion  
of df /d t  = 0 f o r  q I O  does  n o t  lead t o  any  u n s t e a d i n e s s  
o f  df /dt  f o r  q = 0. 
a r a t e  p r o p o r t i o n a l  t o  s i n h  (p1(/) i s  a l s o  shown as Curve 
I1 i n  Fig.  7 for comparison, 

The time t o  break c a l c u l a t e d  w i t h  

P a r t i a l l y  o r i e n t e d  specimen and t ime-dependent l o a d i n g  

specimen o r  a t o t a l l y  unor i en ted  specimen ( p  = 1/27r) 
has been t rea ted .  S ince  a numer ica l  method i s  employed 
the re  w i l l  be no d i f f i c u l t y  whatsoever  t o  s u b s t i t u t e  p 
by any  o r i e n t a t i o n  d i s t r i b u t i o n  f u n c t i o n  and repeat t h e  
c a l c u l a t i o n s .  For  example, i n  the c a s e  of u n i a x i a l  

I n  p r e v i o u s  c a l c u l a t i o n s  o n l y  a comple te ly  o r i e n t e d  

t 
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o r i e n t a t i o n  through a homogeneous p l a s t i c  deformat ion  
t h e  f u n c t i o n  

1 (1 + & ) 3  
P(Q) = 5 2 [ c o s  e + (1 + &)3sin2e-js/2 

may be used, where E i s  the  p l a s t i c  o r i e n t a t i o n a l  s t r a i n .  
The r e s u l t s  w i l l  l i e  between the v a l u e s  ob ta ined  f o r  a 
randomly o r i e n t e d  system and a comple t e ly  o r i e n t e d  system. 

a n  a n a l y t i c a l  s o l u t i o n  of equa t ions  ( 6 )  and ( 7 )  i s  
a v a i l a b l e  f o r  s e v e r a l  s p e c i a l  l o a d i n g  c o n d i t i o n s .  I n  
most c a s e s  a twofold approximation w i l l  become n e c e s s a r y .  
At f i r s t  the  t i m e  dependent  s t r e s s  w i l l  have t o  be 

approximated  by a c o n s t a n t  s t a t e  of  s t ress  w i t h i n  a 
c e r t a i n  i n t e r v a l  of  t i m e .  Secondly, t h e  con t inuous  
change o f  t he  number of unbroken e l emen t s  w i l l  be approx-  
imated by a s t e p w i s e  change a s  i n  t h i s  r e p o r t .  

For a t i m e  dependent rather than  a c o n s t a n t  s tress,  

C ONC LUSI ONS 

The f o l l o w i n g  conclus ions  may b e  drawn which a l s o  
answer  the q u e s t i o n s  raised a t  t h e  beginning .  
a )  I n  u n i a x i a l  s t r e s s i n g ,  o n l y  e l emen t s  w i t h i n  a 

r e l a t i v e l y  small s o l i d  ang le  are  a f f ec t ed  and the 
s i z e  of  t h i s  a n g l e  changes l i t t l e  d u r i n g  90% of  
the l i f e t ime  (Figs .  2 and 3) .  

The a d d i t i o n a l  s t r a i n  developed d u r i n g  s t r e s s i n g  
and t h u s  l e a d i n g  i n t o  new o r i e n t a t i o n  d i s t r i b u t i o n s  
of  the e lemen t s  can b e  c a l c u l a t e d  from F ig .  5. 
The g e n e r a l  c o o r d i n a t e  E 

i n t o  the s t r a i n  coord ina te  of one experiment  by 

b )  

( t ) B E  can be t ransformed 33 
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s p e c i f y i n g  @ and E. For o r g a n i c  glass @ i s  2.27 x 
cm2/kp8 and t h e  modulus of e l a s t i c i t y  of  a 

comple te ly  o r i e n t e d  material can be e s t i m a t e d  to 
be s i x  times t h a t  of t h e  u n o r i e n t e d  material of 
12,000 kp/cm . The g e n e r a l  o r d i n a t e  10  would 
cor respond i n  t h e  p a r t i c u l a r  exper iment  to a s t r a i n  
of  10/(2.27 x x 6 x 12 x 10 ) = 0.6%. Thus, 
i t  seems t h a t  t h e  a d d i t i o n a l  s t r a i n  f o r  most of 
t h e  l i fe t ime i s  smaller than  1%. Once t h e  t i m e  
approaches  t h e  p o i n t  of c a t a s t r o p h i c  f a i l u r e  t h e  
s t r a i n  i n c r e a s e s  r a p i d l y  s o  t h a t  t h e  o r i e n t a t i o n  
d i s t r i b u t i o n  of  t h e  unbroken e l emen t s  w i l l  change. 
By t h a t  t i m e ,  however, the  f r a c t u r e  p r o c e s s  h a s  
e n t e r e d  the macroscopic s t a g e  and a n  e n t i r e l y  new 
f o r m u l a t i o n  o f  t h e  problem may be  needed f o r  
f u r t h e r  s t u d y  . 
The s t ress- l i fe t ime curves of  u n i a x i a l l y  s t r e s s e d  
materials of  d i f f e r e n t  degree  of o r i e n t a t i o n  have 
l i n e a r  s l o p e s  which a re  approx ima te ly  i n v e r s e l y  
p r o p o r t l o n a l  to E ( E ) .  Thus, i f  the a b s c i s s a  i s  
reduced by a f a c t o r  of E(&) a l l  c u r v e s  w i l l  f a l l  
t o g e t h e r  a t  v a l u e s  of @ao > 0.4.  

d a t a  o f  t h e  f r a c t u r e  of  PAN seem n o t  t o  d i s a g r e e  
with t h i s  p r e d i c t i o n .  

2 

3 

Recen t ly  p u b l i s h e d  
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APPENDIX 

Lower l i m i t  of TIME-to-break for i n f i n i t e l y  h i g h  stresses 

t h e  c a l c u l a t e d  TIME-to-break f o r  h i g h  stresses t e n d s  
towards a l i m i t  of  TIME; = 0,622. 
t h i s  Appendix t h a t  a l i m i t  e x i s t s  which i s  l a r g e r  than  
5/12. Le t  u s  a b b r e v i a t e  E ~ ~ ( ~ ~ ) / E ~ ~ ( O )  by  A n .  Thus 
(11) can be g iven  as :  

- 
I f  TIME = y, texp(6Boo) i s  used as t i m e  scale,  t hen  

It may be  shown i n  

7T/2 
A-1 = f$ f ( c o s  2 8-vsin 2 @ ) c o s  2 8 s i n e d e  

n n 
0 

For  v e r y  h i g h  s t resses  i t  has been shown t h a t  v ( t )  = v = 

0.25 i s  c o n s t a n t  th roughout  most of t h e  l i f e t i m e .  Using 
this and also ( 8 )  and ( 9 )  we may rewr i te  ( A l )  as:  

If c o s 8  i s  r e p l a c e d  by y = 1 - cos8  and i f  f o r  small  y 
t h e  t e r m  y i s  n e g l e c t e d  w e  g e t :  2 

( A 3 )  
where B f 6Bao 



1 6  

If we r e p l a c e  f n  - < f o  = 1 by 1 and s o l v e  t h e  i n t e g r a l ,  
! we o b t a i n :  

and 

I S i n c e  D = d(T1ME) and (An - An-l)/An-l = dA/A we have 

~ 

I 
~ by e x p (  -6po0)/6BoO. Thus 

The i n t e g r a l  t e rm i s  wel l  known and may be approximated 

I 

1 
i (A7 1 )(TIIG3) = TI"; > -&- 2 5  = 5/12 
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